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Abstract
We present a model based on an O(3) flavor symmetry and a minimal ex-
tension of the scalar sector to induce hierarchical breaking, O(3) → O(2) →
SO(2) →nothing. The model naturally accounts for all the known lepton
parameters and yields various interesting predictions for others: (i) Neutrinos
are nearly degenerate, mν ∼ 0.1 eV; (ii) The solar neutrino problem is solved
by the MSW small mixing angle solution; (iii) The MNS mixing angle θ13 is
unobservably small, θ13 = O(10
−5).
I. INTRODUCTION
The SuperKamiokande atmospheric neutrino experiment [1] has provided evidence for
neutrino masses. There have been many attempts to understand the lepton flavor pattern
in the framework of flavor symmetries. Models with an O(3) or SO(3) flavor symmetry [2]
are particularly interesting due to the fact that the O(3) symmetry naturally accommodates
degenerate neutrinos. The possibility of nearly degenerate neutrinos is in agreement with all
the experimental data and is motivated by the possibility that neutrinos play a role in the
evolution of the large-scale structure of the universe (see e.g. [3] and references therein).
In this work we present an economical model based on a spontaneously broken O(3)
flavor symmetry, which naturally satisfies the constraints from the experimental data and
yields several non-trivial predictions for upcoming neutrino experiments.
In order to make our discussion concrete we briefly review the experimental data related
to the lepton sector. In an effective two neutrino framework, the data from the atmospheric
neutrino experiments leads to the following results (at 99% CL) [4]:
1
∆m2
23
∼ (1− 8)× 10−3 eV2 , sin2 2θ23 > 0.85 . (1)
In a two generation framework the solar neutrino experimental data [5] yield several viable
solutions for the mass difference and mixing angle [4] (at 99% CL):
i. The large mixing angle (LMA) MSW [6] solution:
∆m2
12
∼ 10−5 − 10−3 eV2 , tan2 θ12 ∼ 0.1− 1 . (2)
ii. The large mixing angle with a low mass-squared difference (LOW) and the quasi-
vacuum oscillation (QVO) solution:
∆m2
12
∼ 5× 10−10 − 3× 10−7 eV2 , tan2 θ12 ∼ 0.4− 3 . (3)
iii. The small mixing angle (SMA) MSW solution:
∆m2
12
∼ (3− 10)× 10−6 eV2 , tan2 θ12 ∼ 2× 10
−4 − 2× 10−3 . (4)
Combining the CHOOZ experiment results [7] with the solar and the atmospheric neutrino
experiments yields the following constraints, in a three generation framework:
∆m2
23
∼ (1− 7)× 10−3 eV2 , sin2 θ13 < 0.075 . (5)
The experimental data [8] from neutrinoless double beta decay indicates that (at 90% CL):
(Mν)ee < 0.2 eV , (6)
where (Mν)ee is the value of the (11) element of the neutrinos mass matrix in the basis
where both the charged lepton mass matrix and the weak interaction couplings are diagonal.
Finally the charged lepton masses are given by [9]:
me ≃ 0.51 MeV , mµ ≃ 105.7 MeV , mτ ≃ 1777 MeV . (7)
II. THE MODEL
We consider an effective theory with a cut-off scale M . We include nonrenormalizable
terms induced by the integration out of the heavy degrees of freedom, with masses larger
than M .
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The Lagrangian is invariant under an O(3) flavor symmetry. The field content consist
of the SM fields and additional SM gauge singlet scalar fields. The additional fields are Sij ,
i, j ∈ {1..3}, a traceless symmetric field which transforms as a 5 of the O(3) symmetry; Φj ,
a triplet of the O(3) symmetry and A, a pseudo-singlet of the O(3) symmetry. The lepton
SU(2)L doublets, L
i, transform as a triplet of the flavor group. Two of the right handed
charged leptons, E2R and E
3
R, are singlets of the O(3) symmetry, while the third one, E
1
R, is
a pseudo-singlet.
The masses and the mixing angles of the leptons are induced by the nonzero VEVs of the
scalar fields. We assume that CP is conserved in the lepton sector. Therefore the couplings
in the Lagrangian and the VEVs of the scalars are real. The flavor symmetry is broken by
three small parameters, δ1,2 and ǫ, as follows:
O(3)
δ1
〈Sij〉
−→ O(2)
δ2
〈A〉
−→ SO(2)
ǫδ1
〈Φi〉
−→ ∅ , (8)
with
〈Sij〉
M
= δ1 · diag(1, 1,−2) ,
〈A〉
M
= δ2 ,
〈Φi〉
M
= ǫδ1 · (0, sinα, cosα) . (9)
A. The Neutrino Mass Matrix
Neutrino masses are related to the following terms in the Lagrangian:
Lν =
{
LiLi +
1
M
aLiLjSij +
1
M2
[b(LiΦi)2 + b′LjLjΦiΦi]
}
HH
M
+ h.c. , (10)
where H is the Higgs field and the coefficients a, b, b′ are of order unity. Given the breaking
pattern of eq. (8), the Lagrangian in eq. (10) induces the following neutrino mass matrix:
Mν = m


1 + aδ1 + b
′δ2
1
ǫ2 0 0
0 1 + aδ1 + b
′δ2
1
ǫ2 + bδ2
1
ǫ2s2 bδ2
1
ǫ2sc
0 bδ2
1
ǫ2sc 1− 2aδ1 + b
′δ2
1
ǫ2 + bδ2
1
ǫ2c2

 .
(11)
with m = 〈H〉
2
M
, s = sinα and c = cosα.
The mixing angles θνij required to diagonalize the mass matrix in eq. (11) are given by:
tan 2θν
23
≈ 2
δ1ǫ
2bsc
3a+ δ1ǫ2b(s2 − c2)
≪ 1 ,
θν
13
, θν
12
≈ 0 . (12)
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Subleading corrections to eq. (12) appear when higher dimension operators such as
ǫijkALmΦmΦnSniΦjLk HH
M6
are added to the Lagrangian in eq. (10).
The eigenvalues of (11) are given, to leading order, by:
mν1 = m(1 + aδ1 + b
′δ2
1
ǫ2) ,
mν2 = m(1 + aδ1 + b
′δ2
1
ǫ2 + bδ2
1
ǫ2s2) ,
mν3 = m(1− 2aδ1 + b
′δ2
1
ǫ2 + bδ2
1
ǫ2c2) . (13)
Since the contributions to the mixing angles from the neutrino sector in eq. (12) are negligibly
small, the mixing angles of the MNS matrix [10] will be determined by the charged lepton
mass matrix.
B. Charged Leptons Mass Matrix
Charged lepton masses are related to the following terms in the Lagrangian:
Lℓ =
{(
a3L
i†Φi + b3
1
M
Li
†
SijΦj
)
E3R +
(
a2L
i†Φi + b2
1
M
Li
†
SijΦj
)
E2R
+
A
M
[(
a1L
i†Φi + b1
1
M
Li
†
SijΦj
)
E1R + d3
1
M2
ǫijkLi
†
ΦlSljΦkE3R
+ d2
1
M2
ǫijkLi
†
ΦlSljΦkE2R
]
+ d1
1
M2
ǫijkLi
†
ΦlSljΦkE1R
}
H
M
+ h.c. , (14)
where the coefficients ai, bi and di are of order unity. Given (14) and the breaking pattern
of eq. (8) the following mass matrix is obtained:
Mℓ = mℓ


3d1scδ
2
1
ǫ 3d2scδ2δ
2
1
ǫ 3d3scδ2δ
2
1
ǫ
sδ2(a1 + b1δ1) s(a2 + b2δ1) s(a3 + b3δ1)
cδ2(a1 − 2b1δ1) c(a2 − 2b2δ1) c(a3 − 2b3δ1)

 , (15)
where mℓ = 〈H〉δ1ǫ.
As we saw, the mixing angles in the neutrino sector are negligibly small (12). Therefore,
to leading order, the mixing angles required to diagonalize the charged lepton mass matrix
in eq. (15) will determine the mixing angles of the MNS matrix. Thus the angle θ23 of the
MNS matrix is given by:
tan 2θ23 ≈ − tan 2α+O
(
δ1, δ
2
2
)
. (16)
It is of order unity, in agreement with the experimental data [eq. (1)]. The mixing angle θ13
is given by:
tan 2θ13 = O
(
ǫδ2δ
2
1
)
≪ 1 , (17)
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in agreement with eq. (5). The angle θ12 is:
tan 2θ12 = O(ǫδ2)≪ 1 . (18)
The eiganvalues of (15) are given, to leading order, by
me = 3mℓd1δ
2
1
ǫsc ,
mµ = 3mℓδ1sc
(a3b2 + a2b3)
a23
,
mτ = mℓa23 , (19)
where a23 ≡
√
a22 + a
2
3. The relations in eq. (19) are valid as long as δ2 <∼ δ1.
C. Consistency and Predictions
In the previous subsections (IIA) and (IIB) we found expressions for the six masses and
three mixing angles - the flavor parameters of the lepton sector. Using the experimetal data
given in the first section, we can constrain the four free parameters δ1,2, ǫ,M , test the model
and identify its predictions for the upcoming experiments.
1. Constraining the Small Parameters
The charged lepton masses are known rather accurately, consequently they provide strin-
gents constraint on the free parameters. The known ratio between the muon and the tau
masses [eq. (7)] and the corresponding predicted ratio given in eq. (19) give:
mµ
mτ
≈ 3δ1sc
a3b2 + a2b3
a223
=⇒ δ1 = O (0.03) . (20)
From eqs. (7), (19) and (20) we further find:
mτ
〈H〉
≈ δ1ǫa23 =⇒ ǫ = O (0.3) . (21)
In order to set the allowed range of δ2 and M we turn to the neutrino sector.
Eq. (18) implies that the only possible solution to the solar neutrino problem in our model
is the SMA solution. Using eqs. (4), (18) and (21) we get:
tan θ12 = O (ǫδ2) =⇒ δ2 = O (0.1− 0.01) . (22)
Using eqs. (4), (13), (20) and (21) we get:
∆m2
12
∼ 2bs2m2δ2
1
ǫ2 =⇒ m = O (0.1 eV) =⇒ M = O
(
1014 GeV
)
. (23)
Note that the large scale of M , or equivalently of 〈Sij〉 and 〈φi〉, makes any process related
to the correponding massless Goldstone bosons practically unobservable [11].
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2. Consistency Checks
The lepton sector contains nine CP conserving flavor parameters, constrained by the
experimental data as given in eq. (1) and eqs. (4)-(7). Four of them were used to find the
values of the model free parameters. This implies that there are five more relations that
can be compared with the corresponding experimental data and either test the model or
give predictions. We have already pointed that the mixing angles θ23 and θ13 given in eqs.
(16) and (17) satisfy the constraints in eqs. (1) and (5). There are three more non-trivial
consistency checks:
(i) The well known ratio between the electron and muon masses:
me
mµ
≈ δ1ǫ
d1a23
a3b2 + a2b3
= O
(
10−2
)
, (24)
is consistent with eq. (7).
(ii) The neutrinos mass-squared difference between the second and third generation:
∆m2
23
≈ 6m2aδ1 = O
(
10−3 eV2
)
, (25)
is consistent with eq. (1).
(iii) The bound from neutrinoless double beta decay translates into a constraint on (Mν)ee,
defined below eq. (6). In our case it is well approximated by (Mν)11 which was calcu-
lated in eq. (11). Hence:
(Mν)11 ∼ m =
〈H〉2
M
= O
(
10−1 eV
)
, (26)
is consistent with eq. (6).
To explicitly demonstrate the phenomenological consistency of our model, we set numerical
values (the numbers are not necessarily the most favorable ones) to δi, ǫ and M :
δ1 = 0.035 , δ2 = 0.03 , ǫ = 0.26 , M = 1.5 · 10
14 GeV . (27)
Substituting the numerical values for the above parameters yields the following values for
the different observables:[
me
0.51 Mev
]
≃ 1.5 · d1 sin 2α ,
[
mµ
106 Mev
]
≃ 0.8 ·
a3b2 + a2b3
a23
sin 2α ,
[
mτ
1780 Mev
]
≃ 0.9 · a23 ;
(Mν)ee ∼ m ≃ 0.2 eV , ∆m
2
12
≃ 7 · 10−6 · b sin2 α eV2 ,
∆m2
23
≃ 9 · 10−3 · a eV2 , tan θ12 = O(ǫδ2) ∼ 10
−2 . (28)
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Taking into account the unknown coefficient of order one, eq. (28) fit reasonably well the
experimental data.
3. Predictions
The model contains several non trivial predictions:
• The neutrinos are nearly degenerate with mass m, m = O (0.1 eV).
• The correct solution of the solar problem is the SMA, with the ratio between the square
mass difference ∆m2
12
and ∆m2
23
given by:
∆m2
12
∆m223
= O
(
10−3
)
. (29)
• The ratio between the small mixing angles θ13 and θ12 is given by:
θ13
θ12
= O
(
10−3
)
. (30)
III. SUMMARY AND COLCLUSION
We presented a model with an O(3) flavor symmetry that is spontaneously broken by hi-
erarchical VEVs of scalars, O(3)→ O(2) → SO(2)→ nothing. The lepton flavor parameters
were derived from the most general Lagrangian consistent with the symmetry and taking
all dimensionless couplings to be of order unity. The model naturally accounts for all the
known lepton parameters, passes several consistency checks and yields various interesting
predictions: (i) Neutrinos are nearly degenerate, mν ∼ 0.1 eV. (ii) The solar neutrino prob-
lem is solved by the MSW small mixing angle solution. (iii) The MNS mixing angle θ13 is
unobservably small, θ13 = O(10
−5).
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